In this paper we consider two types of the generalized damped oscillator. One is governed by a single frictional force which has a position dependent frictional coefficient and is proportional to the N -th power of the velocity. Another is a quadratically damped harmonic oscillator. For two models, we construct two independent constants of motion.
Introduction
The one dimentional damped harmonic oscillator called a Caldirola-Kanai Hamiltonian was first solved by some authors [1] [2] [3] [4] [5] [6] [7] . They used the path integral to obtain the exact solution. The Caldirola-Kanai Hamiltonian gives the equation of motion with the linear damping and it depend on the time explicitly. But, if we consider the quadratic damping, the situation becomes more complicated. The Lagrangian for the quadratically damped free particle was obtained by Denman [8] . He considered the following Lagrangian
which gives the equation of motion for the the linearly damped free particlë
In 1993 Lemos [9] used the Nëther's theorem [10] to obtain the conserved charges for simple one-dimensional nonconservative systems such as the linearly damped free particle, the quadratically damped free particle and the damped harmonic oscillator problem. Recently, Smith [11] found two constants of motion for the quadratically damped harmonic oscillator whose equation of motion is given bÿ
where λ, α are constants. He used the integrating factor to obtain the first constant of motion depending on the position and velocity but not depending on time explicitly. Using the fact that the equation of motion for the damped oscillator is separable in t, he also obtained the second constant of motion depending on the position, velocity and time which is independent of the first one. He found that the quadratically damped harmonic oscillator can be solved by eliminating the velocity from two constant of motions.
In this paper we consider two types of the generalized damped oscillator. One is governed by a single frictional force which has a position dependent frictional coefficient and is proportional to the N -th power of the velocity. Another is a quadratically damped harmonic oscillator. In latter case we adopt the different approach from the ref. [11] . For two models, we construct two independent constants of motion.
2 Constant of motion depending on the position and velocity
In this section we consider some solvable dissipative systems. We deal with one-dimensional dissipative system which takes the following form
where γ(x) is a smooth function in x and we set the mass of a particle to be unity. This equation is related to the damped system because the right hand side involves the velocity. Indeed, for f (x,ẋ) = −λẋ − α 2 x we have a linearly damped oscillator and for f (x,ẋ) = −λẋ 2 −α 2 x we have a quadratically damped oscillator.
Recently, Smith [11] found two constants of motion for the eq. (1) where
and for T (x, v; t), we get
where x 0 , v 0 , t 0 are initial values. The eq. (2) and the eq. (3) constitute two equations in the three independent variables x, v , and t. One equation may be used to eliminate v in the other, yielding the equation of motion
In this section we consider more general case than the ref. [11] . We find some solvable choice for f (x,ẋ) determining two constants of motion. consider the solvable model The eq. (1) can be written as
where v =ẋ. Multiplying the integrating factor µ(x) by both side of the eq. (5),
We demand that the eq.(6) implies dS(x, v) = 0, which yields
The integrability condition is then given by
In the following subsections we find the constants of motion depending on the position and velocity.
Inserting the eq.(9) into the eq. (8), we obtain
and
for N = 2 and
for N = 2. Generally, we have
Especially, for N = 2, α = 2, we have
In this case we set
Inserting the eq.(15) into the eq. (8), we obtain
Generally, we have
Especially, for γ(x) = γ 0 = const, we have µ(x) = e 2γ 0 x , hence we get the following constant of motion
3 Constant of motion depending on the position, velocity and time
In this section we find the second constant of motion depending on the position, velocity and time. Finding T is, in principle, straightforward for one dimensional systems. The eq. (1) is separable in t with a solution of the form
where
From the eq.(19), (20), we get
Without generality we setT (x 0 , v 0 ) = 0, hencê
From the relation
we use the integration by parts to obtain
The solution (24) indeed obeys the second relation of the eq. (20) and the proof is given in the Appendix.
In this case we have
Using the mathematical induction we have the following recurrence relation:
Solving the eq.(27), we get
Thus, the constant of motion is given by
The first few Γ
where [x] = m for m ≤ x < m + 1 ( m is an integer ). For even n and odd n we have
Then, the constant of motion is given by
The first few Γ 
Conclusion
In this paper we we considered two types of the generalized damped oscillator. One is governed by a single frictional force −γ(x)v N which has a position dependent frictional coefficient and is proportional to the N -th power of the velocity. Another is a quadratically damped harmonic oscillator governed by the force −γ 0 v 2 − w 2 0 x. For two types of force we obtained two constants of motion explicitly; one depends on the position and velocity and another depends on the position, velocity and time, which implies that two models are exactly solvable although the solution is a little formal. There remains much work in this direction. We doubt whether another solvable damped oscillator exists or not. I hope that this topic and its related problems will be clear in the near future.
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